The group Σ(36 × 3) with the generalized CP transformation is introduced to predict the mixing pattern of leptons. Various combinations of abelian residual flavor symmetries with CP transformations are surveyed.
I. INTRODUCTION
The oscillation experiments of reactor neutrinos [1] [2] [3] [4] [5] have determined the nonzero θ 13 , which opened the winder to explore unknown mixing parameters including masses ordering of neutrinos, the octant of θ 23 , and the Dirac CP phase. Among these unknowns, the nontrivial Dirac phase could provide the origin of the CP violation in the lepton sector, which is important for the interpretation of some fundamental questions in particle physics and cosmology such as the asymmetry of matter and antimatter. Although some fit data [6, 7] hint that the Dirac phase may be maximal, i.e. sin δ = −1, the decisive evidence is still needed. On the theoretical respect, how to predict the CP phase is interesting. Various phenomenological schemes are proposed. One of the most popular approaches is resorting to flavor groups especially the discrete ones, see Refs. [8] [9] [10] [11] [12] [13] [14] and reviews [15, 16] for example. Following this approach, a general flavor group G f is assumed for the Lagrangian of the theory. Because of the nontrivial vacum expectation values of scalars, the original flavor symmetry is broken, namely G f broken to G e in the charged lepton sector and G ν in the neutrino sector. In the direct method, the mixing matrix is completely determined by the residual flavor symmetries of leptons. However, recent systematical researches [17, 18] reveal that the mixing pattern determined fully by the residual flavor groups usually predicts the trivial Dirac phase. So other strategies should be considered in the construction of the lepton mixing model. As a useful strategy, generalised CP transformations (GCP) [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] are introduced to extract information on CP phases of the mixing matrix. Especially, in the so called semidirect method [29, 37] , the initial group is G f H CP , where H CP is the group of GCP acting on the flavor space, and the residual symmetry in the neutrino sector becomes Z 2 × H ν CP . Because of the degeneracy of the eigenvalues of the representation matrix of Z 2 [39] [40] [41] , the mixing matrix of neutrinos is not completely determined by the residual symmetry. So there is a real parameter to coordinate the matrix, which releases the tension between the flavor group and the fit data of neutrinos. On the other hand, H ν CP could bring nontrivial CP phases in the mixing matrix. In this article, we add the GCP to the flavor group Σ(36 × 3) to predict the lepton mixing pattern. The mixing pattern from the group Σ(36 × 3) has been studied in Ref. [42] . However, without corrections, it cannot commodate the fit data at 3σ level in the direct method. We find that when the GCP is considered in the semidirect method, viable mixing angles of leptons and the nontrivial Dirac CP phase could be obtained. Since the group Σ(36 × 3) does not contain the Klein group K 4 as a subgroup. The cyclic group Z n (n ≥ 2) and Z 2 in the 3-dimensional representation are considered as the residual flavor symmetry of the charged lepton sector and that of the neutrino sector respectively. We survey various combinations of (Z n , Z 2 ) with the GCP, and find that two type of combinations (up to equivalent ones) are viable at 3σ level of the constraints. There are two free parameters in the mixing matrix of leptons. Numerical analysis of the parameters show that the nontrivial Dirac CP phase is around ±57
• or ±123
• in a type of combinations. This result is in accordance with that obtained in Ref. [41] and the fit data [46] . The parameter space of every viable pattern is tiny. So the predicted ranges of the mixing parameters are narrow. These results are easy to examine by the future neutrinos oscillation experiments.
The outline of the article is as follows. In section II, we summarise the basic facts of the group Σ(36 × 3) and the approach of employing the GCP. In section III, we survey combinations of residual flavor symmetries with the GCP and give the analytical expressions for mixing angles and the CP invariants of the viable mixing patterns. Numerical results are also shown in this section.
Finally, we present a summary.
II. FRAMEWORK
In this section, we recapitulate the basic facts of the group Σ(36×3) and summarize the approach of deriving the lepton mixing pattern on the basis of the residual flavor symmetries with the GCP in the semidirect method. Our derivations are based on the 3-dimensional representation of the flavor group and the GCP. The mass matrix of neutrinos is fixed on the Majorana type.
A. Group theory of Σ(36 × 3)
The basic facts of the group Σ(36 × 3) are taken from Refs. [42, 43] . This group has 108 elements. They could be expressed with the generators a, b, c, which satisfy the following relations [42, 43] :
where I denotes the identity element. The group has 14 irreducible representations [42, 43] :
In the 3-dimensional representation 3 (p) , the generators could be expressed as [43] ρ(a) =
with p = 0, 1, 2, 3, ω = e i2π/3 . Since the generators in the representation 3 (p) satisfy the relation
where E is the unit matrix, every element of the group in the 3-dimensional representation could be expressed as [42, 43] 
Accordingly, the 14 conjugacy classes in the 3-dimensional representation are listed as fol- 
Note that other conjugacy classes and representations are invariant under the action of u 1 . These transformations could be realised through the mappings as follows [42] 
And the actions of the generator u 2 could be expressed as [42] 
They could be realised through the mappings [42] :
The actions of the outer automorphism u 1 u 2 read 1C 
They could be realised through the mappings:
As we can see, u 1 u 2 interchanges all representations with their complex conjugations [42] . We consider a theory of leptons which satisfies the symmetry G f H CP , where G f is the flavor group Σ(36×3), H CP is the group of GCP. The element of H CP satisfies the consistent condition [23] 
where X, ρ denote the representation of H CP and that of G f respectively. This condition reveals that the CP transformation is a class-inverting automorphism (CIA) of the flavor group [23, 45] .
For the outer automorphism group K 4 = { id, u 1 , u 2 , u 1 u 2 }, the unique CIA is u 1 u 2 . According to the action of u 1 u 2 (see Eq. (24)) and the 3-dimensional representation of the generators of Σ(36 × 3) (see Eq. (3)), X(u 1 u 2 ) satisfies the equations as follows:
The solution (up to a global phase) is
Therefore, the general GCP which is compatible with the group Σ(36 × 3) in the 3-dimensional representation is of the form
Note that the global phase ω i is not considered here which corresponds to the element of the centre i.e. Z 3 .
Residual flavor symmetries with GCP
After leptons obtain masses through the vacua expectation values of scalars, the original symmetry G f H CP is broken to G e H e CP in the charged lepton sector and G ν H ν CP in the neutrino sector. In the semidirect method, G ν H
In the following sections we denote Ω ν with Ω ν for simplicity.
In the charged lepton sector, we consider two nontrivial cases, namely Case A:
Case B:
In Case A, the mass matrix of the charged leptons is constrained by the residual symmetries as
And the unitary matrix U e which fulfills U 
where ρ d (g e ) denotes the diagonal representation matrix. Since ρ(g e ) is non-degenerate, U e is fixed by the residual flavor group up to permutations of columns and nonphysical phases.
In Case B, the constraints are same as those in Eq. (39) but with g e ∈ Z 2 . According to the derivations similar to those in the neutrino sector (see the appendix), X e could decomposed as
where Ω e could diagonalise ρ(g e ). So the matrix U e could be expressed as
where R ei j is also a rotation matrix.
Similarity transformation
If a combination of residual flavor symmetries with the GCP, i.e. (Z n(e) , Z 2(ν) , X ν ) in Case A or (Z 2(e) , X e , Z 2(ν) , X ν ) in Case B is given, the lepton mixing matrix U PMNS = U + e U ν could be obtained (up to permutations of rows or columns). If two combinations are related by a similarity transformation, namely [24] 
with α = e, ν, and β = ν in Case A, β = e, ν in Case B, they would correspond to the same mixing matrix of leptons. Although there are 13 Z 3 and 9 Z 4 subgroups of Σ(36 × 3), we could just consider the subgroup generated by a representative in the conjugacy class. So in Case A, we consider the combination of Z n(e) listed in Table I and (Z 2(ν) , X ν ) in Table II . Furthermore, the Z 6
and Z 12 subgroups in the 3-dimensional representation are different from the Z 2 and Z 3 subgroups just for the factor ω. They don't bring new mixing patterns. According to the same reason, in Case B we could fix Z 2(e) on Z b 2 2 and consider the combination (Z b 2 2(e) , X e , Z 2(ν) , X ν ).
III. RESULTS

A. Combinations in Case A
In Case A, the diagonalization matrix U e is completely determined by Z n(e) . And a column of the matrix U ν is determined by (Z 2(ν) , X ν ). Finally, a column of the lepton mixing matrix U PMNS is fixed. There is a free parameter to coordinate the mixing patterns. Various of nonequivalent combinations of (Z n(e) , Z 2(ν) , X ν ) are surveyed. We find that neither of them could accommodate the fit data of neutrinos [46] at the 3σ level. This observation could be seen from the fixed column of the mixing matrix. For the combinations (Z c 3(e) , Z 2(ν) , X ν ) and (Z ca 3(e) , Z 2(ν) , X ν ), the magnitude of the fixed column vector (up to permutations of rows) is
For the combinations (Z b 4(e) , Z 2(ν) , X ν ), the magnitude of the column vector includes two cases. If
Otherwise,
Anyway, neither of these columns is in the 3σ range of the fit date of neutrinos [46] 
Similar observations were obtained in Ref. [42] . denotes the group Z n generated by the element g α . Other subgroups which could be obtained by the group conjugation or the factor ω = e i2π/3 are not listed here.
B. Combinations in Case B
Viable combinations
In Case B, on the basis of the similarity transformation, the residual symmetry in the charged lepton sector is fixed as (Z b 2 2 , X e = E, ρ(b)). Note that X (1) and X (2) for a given group Z 2 in Table II correspond to the same mixing pattern. So do X (3) and X (4) . The verifications of equivalence of X (i) are given in the appendix. Thus, we just consider two cases of X e for a fixed Z 2 . In the sector of neutrinos, the residual symmetry could be expressed as (Z
ν ). The 3-dimensional representation of generators of Z 2 subgroups and the GCP is listed in Table II . In total, there are 36 different combinations of residual symmetries in Case B. We perform a χ 2 analysis on these combinations. The χ 2 function is defined as
where (sin 2 θ i j ) b f are best fit values from Ref. [46] , σ i j is the 1σ error. Only 2 types of combinations can accommodate the global fit data at 3σ level [46] , namely Type I:
Type V:
The mixing patterns of the combinations of Type I are equivalent. So are those of combinations of Type V. The transformation relation for the equivalence is given in the appendix. Thus, we just show the mixing pattern of the combination (Z 
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Analytical expressions for the viable mixing patterns
In the sector of the charged leptons, the residual symmetry is Z b 2 2 × X e , with X e = E. The unit matrix could be decomposed as E = Ω e Ω T e , with Ω + e ρ(b 2 )Ω e = diag(−1, − 1, 1). We could choose
The unitary matrix U e could be expressed as
where the rotation matrix R 12 (θ 2 ) reads
In the neutrino sector, the residual flavor symmetry with the GCP is Z a 2 b 2 2
× X ν , with X ν = E, ρ(ab 3 ab 2 ). For X ν = E, we can choose
And for X ν = ρ(ab 3 ab 2 ), we choose
e iπ/4 sin θ 1 −e 3iπ/4 cos θ 1 0
And the mixing matrix U ν is obtained according to the equation U ν = Ω νγ R ν12 (θ)P ν , with γ = I, V.
Then the lepton mixing matrix U PMNS is determined up to permutations of rows or columns with the matrices
In detail, for the combination Type-I, we obtain the following phenomenological viable mixing patterns:
where P ν = S 23 P ν S 23 . And its nonequivalent permutations:
Compared with the standard parametrization of the lepton mixing matrix [47] 
where s i j ≡ sin θ i j , c i j ≡ cos θ i j , δ is the Dirac CP-violating phase, α and β are Majorana Phases, the mixing angles are obtained as follows:
The Dirac and Majorana CP phases are trivial for the above mixing patterns.
For the combination type-V, we obtain following mixing patterns:
where
And its permutation:
The mixing angles and CP invariants are listed as follows: 
C. Numerical results of the viable mixing patterns
As the quantitative prediction of the viable mixing patterns, we present the numerical results
here.
First, we show the parameter spaces for the mixing pattern I1 and VI in Fig. 1 . As is seen from the plots, the parameter space for θ 23 with green dashed boundary is considerable for both patterns.
However, those for θ 13 , θ 12 are tiny. Especially for θ 13 , the parameter strip is nearly reduced to a curve. So the common parameter spaces are rather small. They are signed by red dots in the figure.
For other viable mixing patterns, the same observation also hold.
Second, we list best fit values of the leptonic mixing angles and CP phases of the viable mixing patterns in Table III . Let us give some comments on the results in the table:
(i). The best fit values of mixing angles θ i j in every pattern approximate those of the global fit dada in Ref. [46] .
(ii). The octant of θ 23 is not determined by the residual symmetries. Through permutations of the second and third rows of the mixing matrix, both upper and lower octant could be obtained for these viable mixing patterns.
(iii). All the CP phases are nontrivial in the mixing patterns of Type V. In detail, the Dirac CP phase δ is around ±57
• which is in accordance with the result obtained in Ref. [41] and the global fit data [46] . For the Majorana phases, we have α ∼ ±90
• , β ∼ ±63
• or ±117
• .
IV. SUMMARY
The GCP is an important approach to extract information on the CP phases of the lepton mixing pattern. We employed the group Σ(36 × 3) with the GCP to predict lepton mixing patterns in a semidirect method. We first derived the general GCP which is compatible with the group Σ(36 × 3). Then we surveyed various combinations of Abelian residual flavor symmetries with the GCP , i.e. (Z n(e) , Z 2(ν) , X ν ) and (Z 2(e) , X e , Z 2(ν) , X ν ). We found two viable combinations (up to those equivalent) could accommodate the fit data of neutrinos at 3σ level. These combinations corre-spond to six mixing patterns among which four patterns predict trivial CP phases. Two patterns predict nontrivial CP phases. Especially, the Dirac CP phase is around ±57
• which is in accordance with the result in the recent literature.
We note that in the semidirect method the predictions for the six mixing parameters (three angles and three phases) depend on the free parameters. The physical reason for the best fit values of the free parameters is needed which is related to the open question of the origin of the lepton mixing. As a compromise, we followed the line of the literature where the mixing patterns are partially determined by the residual symmetries. So the fine-tuning of the free parameters is necessary in our work. Even though, a dynamical model for the partial pattern is still important. However, for the flavor group Σ(36 × 3) which contains 108 elements and 14 irreducible representations, the model would be rather complicated in the technical aspect. So a dynamical model on the basis of Σ(36 × 3) with the GCP is out of the scope of this paper and we will consider it in the future work. 
we could obtain the observation
where X d e is diagonal. Thus, X e is symmetric, namely X T e = X e . So it could be decomposed as
Then we have the observation 
As we know, the decomposition of X e is not unique. According to the equation X e (v)ρ * (g e )X
−1 e (v) = ρ(g e ), we could diagonalise ρ(g e ) through a special Ω e , namely
On the basis of the relation ρ(g e ) e Ω e is a real block-diagonal matrix.
Equivalence of X (i)
The representations of Z 2 subgroups and the corresponding GCP are shown in Table II . For the
with
Note that Ω 1 could also diagonalize ρ(b 2 ). And the corresponding mixing matrix is
And the mixing matrix is U ν = Ω 2 R 12 (θ)P ν = Ω 1 R 12 (θ)P ν , with
Therefore, the mixing pattern of X (1) is equivalent to that of X (2) up to a redefinition of the phase matrix P ν .
As for X (3) and X (4) , we have
where θ 1 = arctan √ 2. And X (4) could be decomposed as X (4) = Ω 4 Ω T 4 , with Ω 4 = Ω 3 · diag(i, i, 1). Thus the equivalence also holds for the mixing patterns of X (3) and X (4) .
In the above discussion, we just consider the case of Z 
Equivalence of the mixing patterns from different residual symmetries
The 3-dimensional representation of ρ(g α ) with g α ∈ Z 2 and X (i) is shown in Table II . On the base of the representation, we could obtain the matrix Ω i which decomposes X (i) , namely X (i) = Ω i Ω T i . With the matrices Ω i , the equivalence of the mixing patterns on the basis of combinations of Type I or Type V could be examined. As an example, here we give transformations which relate the mixing patterns of Type V combinations. 
where θ 1 = 
After a cumbersome derivation, we find the equivalent relation between them as follow U V (θ 2 , θ) = diag(1, −1, −i)U V (−θ 2 + 2θ 1 , π − θ)diag(1, −1, i).
For the combination (Z 
And the equivalent relation between the mixing matrices is U V (θ 2 , θ) = diag(−1, −1, 1)·U V (θ 2 , θ).
Therefore, on the basis of above discussions, we find that different residual symmetries could correspond to the same mixing pattern through the redefinitions of phase matrix and free parameters.
